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Analysis of Radiative Transfer in Cylindrical Enclosures
Using the Finite Volume Method

Man Young Kim* and Seung Wook Baek†
Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

Radiative heat transfer in a cylindrical enclosure with or without a concentric cylinder containing
absorbing-, emitting-, and isotropically- or anisotropically-scattering media is studied by using the � nite
volume method (FVM) for radiation. Since the unit direction vector is de� ned with respect to the Car-
tesian base vectors, the intrinsic dif� culty in treating an angular derivative encountered in the discrete
ordinates method (DOM) does not arise in the FVM. For the special case of an axisymmetric cylinder, a
mapping, which transforms the dependence of intensity on two-spatial and two-angular to three-spatial
and one-angular variables, was adopted. The scattering phase function is approximated by a � nite series
of Legendre polynomials. Several solutions are obtained in axisymmetric as well as three-dimensional
cylindrical geometries with participating media and compared with others obtained by different methods,
which are unique in this work. The computational ef� ciency of the FVM is discussed by comparison with
the DOM. The problem of control angle overlaps is also examined in the last example by changing the
angular grid systems.

Nomenclature
mD ci = directional weights, Eqs. (4) and (19)

Eb = blackbody emissive power, W/m2

ex, ey, ez = unit vectors in x, y, z directions
G = dimensionless intensity, I/( )4T ref

I = actual intensity, W/(m2 sr)
L = characteristic length, m
M = number of total radiation direction
ND = total directions considered in the SN

DOM
ni = unit normal vector at surface i,

nx,iex ny,iey nz,iez

Q R = radiative heat � ux, W/m2

q R = dimensionless radiative heat � ux,
Q R/( ), Eq. (25)4T ref

r = position vector
Snr = nonradiative volumetric heat source,

W/m3, Eq. (26)
s = distance traveled by a ray normalized

by L
s = unit direction vector
T = temperature, K
x , y , z = directions parallel to the x, y, and z axes

0 = extinction coef� cient, a s, m 1

Ai, V = surface area and volume of the control
volume

= control angle, Eq. (7)
w = wall emissivity

= dimensionless temperature, T/Tref

= polar angle measured from the z
direction, rad

a = absorption coef� cient, m 1

= Stefan– Boltzmann constant,
5.67 10 8 W/(m2 K4)
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s = scattering coef� cient, m 1

0 = optical thickness, 0L
= scattering phase function, sr 1

= azimuthal angle measured from the
radial direction, 0, rad, Figs. 1
and 2

0 = space variable in the azimuthal direction
measured from x axis, rad, Fig. 3

= angular variable in the azimuthal
direction measured from x axis, rad,
Fig. 3

= solid angle, sr
0 = single-scattering albedo, s/ 0

Subscripts
E, W, N, S, T, B = east, west, north, south, top, and bottom

neighbors of P
e, w, n, s, t, b = east, west, north, south, top, and bottom

control volume faces
P = nodal point in which intensities are

located
P , P = boundaries of the control volume
w = wall

Superscripts
m, m = radiation direction
m , m = boundaries of the control angle

Introduction

P REDICTION of radiative transfer in cylindrical enclosures
containing absorbing, emitting, and scattering media is im-

portant in analyzing high-temperature equipment, such as a
boiler, furnace, pulverized coal combustor, and a rocket pro-
pulsion system. For many engineering applications, an axisym-
metric assumption is usually made to simplify the problem as
well as reduce the computational efforts and computing time.
Although this attempt has produced many successful results,
there are still many interesting asymmetric problems in which
the radiative transfer equation (RTE) should be solved for the
three-dimensional cylindrical system.
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During the past decades, numerous investigations have been
made to solve the RTE for axisymmetric or nonaxisymmetric
cases. There exists only a restricted number of exact solu-
tions1,2 for simple geometries and conditions because of the
integro-differential nature of the RTE. Therefore, the RTE is
typically solved using numerical techniques. The Monte Carlo3

and zonal4 methods have the disadvantages of long computa-
tional time, complexity of equations, and especially incompat-
ibility with the � nite difference or � nite volume method
adopted in computational � uid dynamics that require common
grids, even if their solutions are quite accurate. Although the
P3 approximation5 is reliable and can be easily combined with
� nite difference equations for determining the � ow and tem-
perature � elds, the � ux methods such as the 4-� ux type6 and
the discrete ordinates method (DOM)7– 12 have been preferred
for modeling the RTE involving � uid � ow, chemical reaction,
and other modes of heat transfer.

Since Carlson and Lathrop7 developed the DOM for appli-
cation to the neutron transport equation, Fiveland8 and Jama-
luddin and Smith9 applied it to axisymmetric two-dimensional
cylindrical enclosures containing radiatively participating me-
dia with remarkable accuracy. Tsai and Ozisik10 also analyzed
a cylindrical symmetry problem with anisotropic scattering and
variable properties using the S4 and S6 DOM. While Jamalud-
din and Smith11 examined a nonaxisymmetric cylindrical en-
closure using the S4 DOM, Kim and Baek12 applied it to ther-
mally developing radiatively active pipe � ow with
nonaxisymmetric circumferential convective heat loss.

Recently, the � nite volume method (FVM) was proposed by
Chui and Raithby13 and Chai et al.14 and has been successfully
applied to the problems of radiative nonequilibrium as well as
equilibrium in a multidimensional cavity. In this method, in-
� ow and out� ow of radiant energy across the control volume
faces are balanced by the attenuation and augmentation of en-
ergy within a control volume and control angle. The total solid
angle of 4 sr is discretized, and all directional intensities are
calculated by a marching procedure as in the case with � ux-
type methods. The FVM and the DOM belong to the same
family. However, the former has more � exibility than the latter,
since it cannot only handle the irregular geometries, but also
choose a set of arbitrary control angles in a � nite difference
form,13,14 although the recently proposed � nite element DOM15

is adequate. In addition, for the case of cylindrical radiation,
the angular redistribution term normally encountered in the
DOM does not appear in the FVM, when a unit direction vec-
tor is de� ned with respect to the Cartesian base vectors. Chui
et al.16 introduced a mapping that yields a complete solution
by solving the intensity in a single azimuthal direction for the
case of axisymmetric radiation, and applied it to a general
pulverized fuel � ame model to predict radiative heat transfer
in furnaces,17 Baek and Kim18 investigated a radiative heating
of rocket plume base plane caused by the searchlight and
plume emissions.

In this work, axisymmetric and general nonaxisymmetric cy-
lindrical enclosure problems are examined by applying the
FVM. The scattering phase function is modeled by a Legendre
polynomial series as studied by Kim and Lee,19 who give the
expansion coef� cients. Two-dimensional axisymmetric com-
putational results are compared with the exact solutions as well
as with benchmark solutions obtained by other methods. For
the nonaxisymmetric three-dimensional case, a cylindrical
equivalent of a three-dimensional rectangular enclosure, which
was modeled by Jamaluddin and Smith,11 is adopted. For a
quantitative comparison the furnace problem with axially vary-
ing medium temperature is solved by both the DOM and FVM,
based on the same spatial discretization. Finally, the nonaxi-
symmetric cylindrical enclosure problem is solved by changing
the angular grid systems to investigate the effects of the control
angle overlaps. The uniqueness in this paper is a validation of
the FVM in the nonaxisymmetric as well as axisymmetric cy-
lindrical enclosure.

FVM for Radiation
RTE

Radiation intensity at any position r, along a path s, as
shown in Fig. 1, through an absorbing, emitting, and scattering
medium is represented by

1 dG(r, s) 4= G(r, s) (1 ) (r)0
d s0

0
G(r, s ) (s , s) d (1)

4 =4

where G(r, s) = I(r, s)/ is the dimensionless intensity.4T ref

In nonaxisymmetric cylindrical coordinates, G(r, s) means
G(r, 0, z, , ), in which = 0 is the azimuthal angle.
If the dimensionless temperature of the medium (r) and the
boundary conditions for the intensity are properly given, the
radiative intensity of the medium can be obtained by solving
Eq. (1). For a diffusely emitting and re� ecting wall, the bound-
ary condition for the intensity leaving the wall is expressed as
the summation of emitted and re� ected components as

1 w4G(r , s) = (r ) G(r , s ) s n d (2)w w w w w

s n <0w

where nw is the outward unit normal vector from the wall.

Discretization Equation

By integrating Eq. (1) over a control volume V and control
angle m, shown in Figs. 2 and 3 with the assumption that
the magnitude of intensity in a given direction is constant
within control volume and control angle,14,18 the following � -
nite volume formulation is obtained:

m m m m mG A D = ( G S ) V (3)i i ci 0 r P
i=e,w,n,s,t,b

where

m mD = (s n ) d (4)ci i
m

s = sin cos e sin sin e cos e (5)x y z

0m 4 m m mS = (1 ) G d (6)r 0
4 =4

m mm

m m= d = sin d d (7)
m mm

and G m = G(r, s) and ni is the outward unit normal vector at
the control volume face shown in Fig. 3. This equation indi-
cates that net outgoing radiant energy across all control volume
faces must be balanced by the net generation of radiant energy
within a given control volume and angle. Thus, , which wemD ci

term directional weights,20 should be carefully evaluated be-
cause they represent the in� ow or out� ow of radiant energy
across the face, depending on their sign. The advantage of this
� nite volume formulation over the cylindrical DOM11 is that
the angular redistribution term7 does not appear in the present
method, since s is de� ned with respect to the Cartesian base
vectors ex, ey, and ez, unlike in the DOM. Detailed derivation
of the directional weights are presented in the next section.

Although there are many schemes that relate the control vol-
ume face intensity to the nodal intensity, we use the step
scheme,14,20 in which the downstream face intensity is set equal
to upstream nodal intensity, because it is not only simple and
convenient, but also ensures positive intensity while not con-
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Fig. 1 Schematic of a cylindrical system.

Fig. 2 a) Top and b) side view of spatial control volume and
typical radiation direction.

Fig. 3 In� nitesimal spatial control a) volume and b) angle
adopted in this study.

sidering complex geometric and directional information. Ac-
cording to this scheme, typical relations coupled with direc-
tional weights are as follows20:

m m m m m mG D = G max(D , 0) G max( D , 0) (8)e ce P ce E ce

m m m m m mG D = G max(D , 0) G max( D , 0) (9)w cw P cw W cw

Similar relations may be obtained for other face intensities. By
applying the step scheme for a given m, Eq. (3) can be cast
into the following general discretization equation:

m m m m m m m ma G = a G a G a GP P E E W W N N

m m m m m m ma G a G a G b (10)S S T T B B P

where

m ma = max( A D , 0) (11)I i ci

m m ma = max( A D , 0) V (12)P i ci 0,P
i=e,w,n,s,t,b

m m mb = ( S ) V (13)P 0 r P

In Eq. (11), subscript I represents E, W, N, S, T, and B, whereas
i does e, w, n, s, t, and b, respectively.

The control volumes and control angles used in this work
are depicted in Figs. 2 and 3 following the works of Chui et
al.13,16,17 and Chai et al.14 While the number of control volume
is (Nr Nz), the total solid angle 4 sr is divided intoN

0

(N ) = M directions with equal = m m =N
/N and = = 2 / , where is the polarm m N

angle and is the azimuthal angle, ranging from 0 to and
from 0 to 2 , respectively.

The boundary condition of Eq. (2) may be discretized as

1 wm 4 m mG = G D (14)w w w w cw
mD <0ew

Geometric Relations and Directional Weights

To close the general discretization equation [Eq. (10)], V,
Ai, and ni must be provided. Referring to Fig. 3, the unit

normal vector at the geometric center of each face can be
expressed in the form

n = sin e cos e (15)e 0,P x 0,P y

n = sin e cos e (16)w 0,P x 0,P y

n = n = cos e sin e (17)n s 0,P x 0,P y

n = n = e (18)t b z

Thereby, directional weights of Eq. (4) can be calculated ana-
lytically as follows:

m m m m mD = [0.5( ) 0.25(sin 2 sin 2 )]ci

m m m m[n (sin sin ) n (cos cos )]x,i y,i

2 m 2 m m m0.5n (sin sin )( ) (19)z,i

The surface area and volume of the control volume are

A = A = r z (20)e w

A = r z, A = r z (21)n P 0 s P 0

2 2A = A = 0.5(r r ) (22)t b P P 0

2 2V = 0.5(r r ) z (23)P P 0

This completes the formulation of the FVM for radiation in
three-dimensional cylindrical coordinates.

Solution Procedure

Prediction of a nonaxisymmetric radiation in the cylindrical
enclosure requires the directional intensity G m = G(r, 0, z, ,

) obtained from Eq. (10) in each direction m, and at each
nodal point. The calculation is started from one boundary
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Fig. 5 Comparison of nondimensional radial heat � ux distribu-
tion at the outer wall of a a) � nite or b) � nite concentric– cylin-
drical enclosure.Fig. 4 Possible arrangement of the control angle at the wall.

where outgoing intensities are known as boundary conditions
and then marched into next nodes. A marching principle is
quite straightforward, i.e., at one azimuthal location, the so-
lution is marched from the outer to the center wall in the radial
direction when < 0, or vice versa, and from bottom to topmD cn

in the axial direction when > 0, or vice versa. This pro-mD ct

cedure is repeated at each azimuthal location ranging from 0
to 2 along each radiation direction.

If the radiation � eld is axisymmetric, Chui et al.16 showed
that it is suf� cient to solve for the intensity G(r, 0, z, , =
0) through the mapping that transforms the axisymmetric in-
tensity G(r, z, , ) to G(r, 0, z, , = 0), if 0 = . In
this case, the dependence of intensity on two-spatial and two-
angular variables is transformed to a dependency on three-
spatial and one-angular variables.16 Thus, the general discret-
ization equation that was developed in the three-dimensional
case may be used without loss of generality. The solution
marching procedure is then the same as in the nonaxisymme-
tric case, except that the sweep is not needed in axisym-
metric radiation. Since the intensity distributions are symmet-
ric about the y = 0 plane, only intensities for y 0 need to
be calculated. Similarly, for the one-dimensional cylindrical
symmetry case, only G(r, 0, , = 0) is necessary; thus, the
axial sweep is not necessary for axisymmetric case.

The solution procedure is � nished when the following con-
dition is satis� ed:

m m,old m 6max( G G /G ) 10 (24)P P P

where is the previous iteration value of . Once them,old mG GP P

intensity � eld is obtained, the wall radiative heat � ux is esti-
mated as follows:

M

R m mq = G(r , s)(s n ) d = G D (25)w w w w cw
m=1=4

where nw becomes nn for the radial heat � ux at the sideRq r

wall, and then becomes nt for the axial heat � ux at the endRq z

wall, respectively.

Control Angle Overlaps at the Boundary

For the nonaxisymmetric computations, the control angle
overlaps are encountered at the boundary if the condition N
= is not satis� ed, where the superscript n is a naturaln2 N

0

number. Chui and Raithby13 modeled the situation, in which a
fraction of intensity is outgoing from the wall while the re-
maining portion is incoming to the wall, by considering the
incoming and outgoing portions of the discrete solid angle at
the wall, since the incoming and outgoing intensities will be
quite different from each other. Another possible alternative
for the control angle overlaps is that the incoming and out-
going intensities at the wall are determined by the sign of the
directional weights . Figure 4 illustrates a possible arrange-mD cw

ment of the control angle at the wall. Here, > 0 and1 2D Dcw cw

< 0, therefore, and are assumed as outgoing and in-1 2G Gw w

coming intensities, respectively. The treatment of Chui and

Raithby13 is referred to as method 1 here, whereas the latter is
method 2.

Results and Discussions
Finite or Finite Concentric– Cylindrical Enclosure

For the � rst test problem, the FVM for radiation is applied
to a � nite or � nite concentric– cylindrical enclosure with an
absorbing and emitting, but nonscattering, medium maintained
at constant temperature Tg. The height of the cylinder is zc =
2 m, the radii of the inner and outer cylinders are ri = 0.5 m
and r0 = 1 m, respectively. The wall enclosures are cold (Tw =
0 K) and black ( w = 1). The normalized radial heat � uxes are
compared with the exact solutions by Dua and Cheng1 and P3-
approximations by Menguc and Viskanta5 for different optical
thickness.

Figure 5 shows the variation of the nondimensional radial
heat � ux at the outer side wall. Only the upper half of the
domain is plotted for z/zc = 0.5– 1.0. The radial heat � ux has
a maximum at z/zc = 0.5 and then rapidly decreases near the
upper circular wall. As the optical thickness decreases, less
radial heat � ux is observed and its distribution along the side
wall becomes uniform. For the � nite concentric– cylindrical
enclosure, similar trends are noticed, except that the amount
of radial heat � ux is lower than that for the � nite cylindrical
enclosure with the same optical thickness. This is because the
inner cylinder wall is held cold and black.

Overall, the present solution is found to be accurate com-
pared with the exact solution. A maximum solution error be-
tween the present and exact solutions is 2.1% at 0 = 1 for the
case of � nite concentric cylinder. The spatial and angular grid
systems used are (Nr Nz) N = (15 16 30)N

0

12. It takes about 11 s for each of the optical thickness con-
sidered here on an HP712/15 workstation to satisfy the con-
vergence criterion given by Eq. (24). Further re� nement of the
grid system to (Nr Nz) N = (45 16 45)N

0

12 only slightly improves the solution accuracy (maximum
error of 1.5% at 0 = 1 for the case of � nite concentric cyl-
inder), whereas the computational time amounts up to 57 s.
This slow convergence to exact solution may result from the
interaction between errors resulting from the spatial and an-
gular discretizations as well as the � rst-order-accurate step
scheme.

Side Wall with Diffuse Incident Radiation

The second benchmark case considers a hot side (Ebw = 1)
wall exposed to diffuse incident radiation and containing a
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Table 1 Comparisons of the computation times (seconds)
between the FVM and the SN DOM

on an HP712/15 workstation

0 (N ) = (6 4)/S4N (N ) = (10 8)/S8N

0.0 1.3/11.1 6.4/121.9
0.3 15.1/14.4 187.6/135.1
0.5 19.6/15.3 237.9/176.9
0.8 28.9/21.1 342.2/242.9

Fig. 7 Comparison of the axial radiative heat � ux distribution
with other numerical results in a cylindrical equivalent of origi-
nal three-dimensional rectangular enclosure with uniform heat
source.

Fig. 6 Effects of a) anisotropic scattering and b) optical thickness
on the radial radiative heat � ux distribution for the problem of
side wall diffuse incidence with absorbing and anisotropically
scattering medium.

cold medium. All walls are black ( w = 1). The cylinder has a
height of zc = 2 m and a radius of r0 = 1 m. The medium has

0 = 1 m 1 and 0 = 1 or 0.5. We used forward- (F2, F3) and
backward- (B1, B2) scattering phase functions approximated
by a � nite series of Legendre polynomials as given by Kim
and Lee,19 as well as an isotropic scattering phase function to
compare our results with the work of Jendoubi et al.21 The
computational grid has dimensions of (Nr Nz) NN

0

= (15 10 30) 10.
Variations of the dimensionless radial radiative heat � ux on

the side wall are shown in Fig. 6a for all � ve phase functions
considered in this study and compared with the work of Jen-
doubi et al.,21 in which the S14 DOM was used. The present
solution is in very good agreement with the work of Jendoubi
et al.21 Figure 6a shows that the forward-scattering phase func-
tions give larger heat � uxes than the backward-scattering phase

functions from the end walls. The difference increases away
from the end walls. The effects of optical thickness on the
radial radiative heat � ux for the forward-scattering phase func-
tion F3 with 0 = 0.5 are plotted in Fig. 6b. For larger optical
thickness, more radiant energy is transferred into the medium
from the hot side wall since more energy can be held by the
medium. Figure 6b also shows good agreement between the
present � nite volume solution and the S14 DOS by Jendoubi
et al.21 The present method shows about a 2.1% overestimation
for the case of 0 = 5 as shown in Fig. 6b.

Cylindrical Equivalent of Three-Dimensional Rectangular
Enclosure

For many engineering applications, Snr exists in the me-
dium. At steady state the divergence of the radiative heat � ux

q R, which is the net loss of radiant energy from a control
volume, must balance the volumetric heat source through the
following radiation energy equation11,22:

1 L44 (1 ) (r) G(r, s) d = S (26)0 0 nr 44 T ref=4

The temperature � eld (r) obtained from Eq. (26) is then in-
serted into Eq. (6), thereby allowing the intensity � eld to be
calculated.

This example deals with an absorbing-, emitting-, and iso-
tropically-scattering medium with a uniformly distributed non-
radiative heat source as studied by Jamaluddin and Smith.11

They adopted a cylindrical enclosure equivalent to the three-
dimensional rectangular furnace of Menguc and Viskanta22 for
testing their nonaxisymmetric discrete ordinates solution. The
cylindrical equivalent has a radius of 1 m and a length of 4
m; whereas the geometric and physical conditions for the orig-
inal rectangular enclosure are as follows according to the work
of Menguc and Viskanta22 and Jamaluddin and Smith11: 1) di-
mension 2 2 2 m; � ring-end wall (z = 0) temperature of
Tw = 1200 K, w = 0.85; exit-end wall (z = 4 m) temperature
of Tw = 400 K, w = 0.7; side-wall temperature of Tw = 900
K, w = 0.7; and 2) radiative properties of the medium 0 =
0.5 m 1, 0 = 0.7, and Snr = 5000 W/m3.

Figure 7 shows a distribution of the axial radiative heat � ux
at the � ring-end wall and exit-end wall in an axisymmetric
cylindrical enclosure, treating it as a nonaxisymmetric. The
present solutions are compared with predictions by the zonal
method23 and the nonaxisymmetric S4 DOM.11 The � nite vol-
ume solutions are obtained by using the spatial grid system of
(Nr Nz) = (5 8 11) and angular grid system ofN

0

(N ) = (6 4) and (10 8), whereas the S4 discreteN
ordinates solutions11 were obtained by using a grid system of
(Nr Nz) ND = (5 8 11) 24. The currentN

0

predictions are in good agreement with the others. The maxi-
mum difference between the � nite volume solutions with (N

) = (6 4) and the S4 discrete ordinates solutionsN
amounts to 3% near the z axis at the � ring-end wall.

Furnace with Axially Varying Medium Temperature

The three-dimensional FVM for radiation is applied to a
� nite isothermal (Tw = 500 K) and black ( w = 1) cylindrical
enclosure containing an absorbing, emitting, and isotropically
scattering medium with extinction coef� cient 0 = 1 m 1. The
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Table 2 Temperature distribution of the medium in the nonaxisymmetric cylindrical enclosure
of Fig. 9aa

i

J

1 2 3 4 5 6 7 8 9

1 1174.5 1328.0 1367.5 1325.5 1295.0 1269.5 1264.5 1254.5 1197.0
2 1179.5 1221.0 1243.0 1246.0 1258.5 1241.5 1247.0 1249.0 1230.5
3 1175.5 1198.5 1226.0 1229.0 1247.0 1246.0 1237.5 1233.0 1228.0
4 1179.5 1195.5 1220.0 1220.0 1226.0 1232.0 1225.0 1222.5 1214.0
5 1185.5 1200.0 1222.0 1223.0 1225.5 1237.5 1241.0 1240.0 1208.0
6 1202.0 1270.0 1347.5 1309.0 1273.0 1274.5 1266.0 1259.5 1199.5
7 1382.5 1454.5 1513.0 1458.0 1319.5 1300.0 1273.5 1254.0 1140.5
8 1357.0 1494.5 1518.0 1460.5 1392.5 1305.0 1278.5 1249.5 1129.5
9 1186.0 1238.0 1254.0 1254.0 1256.0 1228.0 1243.0 1253.0 1228.0

10 1178.0 1193.0 1220.0 1220.0 1233.0 1237.0 1224.0 1221.0 1223.0
11 1190.0 1202.0 1224.0 1226.0 1232.0 1248.0 1256.0 1256.0 1211.0
12 1551.0 1571.0 1555.0 1524.0 1325.0 1299.0 1271.0 1243.0 1093.0
13 1770.0 1354.0 1193.0 1193.0 1193.0 1188.0 1203.0 1218.0 1213.0
a
Degrees Kelvin.

Fig. 8 Effect of single-scattering albedo on the radial radiative
heat � ux distribution at the side wall of a cylindrical furnace.

Fig. 9 a) Schematic of the nonaxisymmetric cylindrical enclosure
with known temperature pro� le. Temperature distribution is spec-
i� ed in Table 2. b) Comparison of incident heat � ux distribution
at the � oor and roof in a nonaxisymmetric cylindrical furnace.

cylinder is 1 m in radius and 6 m long. The temperature � eld
of the medium is assumed to be known and varies axially as
shown in Fig. 8.

Figure 8 also shows an axial variation of the radial radiative
heat � ux at the side wall for various single-scattering albedos.
As the single-scattering albedo increases, predicted radiative
heat � ux at the side wall decreases and its distribution becomes
uniform. This results from the fact that the amount of radiation
that can be transformed into thermal energy actually drops as
the albedo increases. The peak radiative heat � ux occurs at the
point with highest medium temperature as expected. The � nite
volume solutions are compared with those obtained from the
SN3D code12 as well as the available exact solution17 for the
case of a nonscattering medium. The maximum deviation from
the exact solution for a nonscattering medium is less than 2.7%
at the peak value. The solutions obtained from both the FVM
and the DOM are in good agreement. The grid system used in
the S4 DOM is (Nr Nz) ND = (8 8 18) 24,N

0

and that in the FVM is (Nr Nz) (N ) =N N
0

(8 8 18) (6 4).
Table 1 lists a computational time required when using both

the FVM and DOM on an HP712/15 workstation until the
criterion set by Eq. (24) is met. The time required for obtaining
the converged solution increases as the single-scattering albedo
increases because of the source term , expressed in Eq. (6).mS r

Doubling the angular grid system increases the computation
time by a factor of 5 and 12 for a scattering and nonscattering
medium, respectively. For the nonscattering medium, the FVM
is more computationally ef� cient than the DOM. For the iso-
tropically scattering media, however, the FVM requires up to
1.5 times the computation time for the DOM.

Nonaxisymmetric Cylindrical Enclosure

The last benchmark problem deals with an absorbing, emit-
ting, but nonscattering medium with a known temperature pro-
� le in a cylindrical furnace. The problem de� nition and tem-
perature distribution are given in Fig. 9a and Table 2. The
temperature pro� le is de� ned similar to that of Jamaluddin and
Smith,11 but rearranged for the nonaxisymmetric cylindrical
problem. The � oor conditions are Tw = 320 K and w = 0.86,
and the other walls (top at z = 6 m, bottom at z = 0 m, and
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Table 3 Comparisons of the average
error (%) for methods 1 and 2 for

various angular grid systems

(N )N

Roof

Method 1/2

Floor

Method 1/2

(6 4) 4.0/12.8 2.5/10.8
(10 8) 0.6/8.8 2.2/5.3
(14 16) 0.4/0.4 0.3/0.3

the side) are at Tw = 1090 K and w = 0.7. The extinction
coef� cient of the medium is 0 = 0.2 m 1.

Figure 9b shows the incident heat � ux distributions at the
� oor and roof along the axial direction. The effects of the
control angle overlaps are sought for various angular grid sys-
tems. For all cases, the spatial grid system of (Nr Nz)N

0

= (3 8 18) is used. Table 3 lists the average error com-
pared with the benchmark case of (N ) = (18 36) ofN
method 1. In general, method 1 is shown to produce more
accurate results than method 2 for the case of ¹ 2 .N N

0

However, both methods yield the results very close to the
benchmark solutions with the angular system of (N ) =N
(14 16), which is free from the control angle overlaps.

Conclusions
The FVM for radiation has been used to analyze the radia-

tive heat transfer in axisymmetric and three-dimensional cylin-
drical enclosures containing a radiatively participating me-
dium. The step scheme is used for the spatial-differencing
method. The discretization equation in the general three-di-
mensional cylindrical enclosure was obtained by ensuring pos-
itivity of intensity and energy conservation that is unique in
this work. The intrinsic dif� culty in computing the angular
derivative term in the DOM does not arise in the present
method since the unit direction vector was based on the Car-
tesian base vectors. For the problems of axisymmetric radia-
tion, a mapping procedure developed earlier by Chui et al.16

was introduced without loss of generality in the discretization
equation.

Five benchmark cases were examined to validate our for-
mulation. The scattering phase function was approximated by
a � nite series of Legendre polynomials to preserve the physics
of anisotropic scattering by spherical particles. The ef� ciency
of the present method is investigated through comparisons with
DOM. For nonaxisymmetric computations, the treatment of the
control angle overlaps is studied. All of the results presented
in this work attempt to demonstrate that the � nite volume pro-
cedure for the prediction of radiation is an elegant and accurate
method for the modeling of multidimensional radiative heat
transfer in cylindrical geometries.
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